Fundamental Assumption

The quadcopter is an uniform and
symmetrical rigid body.

The mass and inertia do not change

The geometrical center of quadcopter is
same as the center of mass

Only two forces: gravity force and propeller
thrust

Propellers 1 and 3 rotate counterclockwise,
and propellers 2 and 4 rotate clockwise.




Coordinates

The relation between inertia coordinate O, and quadcopter coordinate O,

Xe The rotation matrix
used to transfer
from quadcopter
coordinate to
0, .
world coordinate:

v

Vb

Roll: rotate ¢ around x-axis
Pitch: rotate 8 around y-axis
Yaw: rotate y around z-axis
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Initial conditions

A\

Rigid Body Simulation

Force and torque calculator

—>

Velocity and angular velocity calculator

>

Position and angle (posture) calculator

A




Quadcopter Motion Theory

Force and torque calculator

+-Configuration

Force
f=cr(Q+Q+Q5+9Q))
Torque
T, =dcp (—Q3 + Q)

7, =dcp (Q] — )

(a) +7H

X-Configuration

Force

I i

) £ <

(b) XFH *

cy is the propeller thrust coefficient; ¢, is the propeller torque coefficient; d is the distance from the center of the quadcopter to any motor.



Quadcopter Motion Theory

Force -+ Velocity

By Newton’s second law of motion F = ma, the equation of motionisa, = g, — 2 where g, = (0, 0, g)is gravity that
m

defined on the world coordinate points at +z direction and £, = (0, 0, f) is propeller thrust that only applies z direction force
on quadcopter at quadcopter coordinate.

In order to calculate the quadcopter’s position in world coordinate, as well as people observe it standing on earth, the thrust
force should be transferred by an rotation matrix and expressed by a vector that is based on world coordinate. Therefore,

f, = R f, (appendix A).
f R,

e

Finallya, =g, —— =g, —
m

. and each component is

m
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Quadcopter Motion Theory

torque > angular velocity

By Euler’s equation 7, ; = la + w X 1w (appendix B), where 7, , ; is the total applied torque, 1 is the inertia matrix, @ and @
are angular acceleration and velocity. All quantities are defined in the rotating reference frame, the quadcopter coordinate

here. Therefore, the rotation equation of quadcopter is 1oy, + @, X Iw, = G, + 7, where 7 is the torque generated by

Ga,gb _JRPa)byQ
propellers and G, is gyroscopic torque (appendix C) | G, | = Jrpw, Q|- Jrpis the total moment of inertia of the
Gy I 0 i
quadcopter and propeller around the axis and € is the total angular velocity of all propellers.
IXX
According to assumption 1 and 2, the inertia matrix is I = L,
Substitute into the rotation equation, it becomes
Ix X Xpx IX x Wpy - JR P a)byQ Tx
Ly @y [ + 0, X Ly Doyl = | Jppw, 2 | + |5
a ) T
] Izz_ bz ] Izz_ bz i 0 | Z




Quadcopter Motion Theory

torque > angular velocity

Derivation process......

Lex Xpx Lix Dy ~JRp@p, L2 Tx
Ly Py | + @y, X Ly Ooy| = | Jppwp, Q | + |5
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Quadcopter Motion Theory

angular velocity > angle (posture)

The relation between angular velocity and the change of posture angle (appendix D) is

bl (1 tand sin¢ tané@ cos qb_
¢ , Wy
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If all of the change of posture angles are small, it can be simplified as
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Quadcopter Motion Theory

Summary

Velocity and angular velocity calculator P Position and angle (posture) calculator

Velocity (on world coordinate) Position (on world coordinate)
[ Yot = Von S (cosy sin @ cos ¢ + siny sin qb)_ [ St =
a, At m v v Ve At
Vynel — Yy f . . . Yn+1 — Vn
Gl =|—F5—|=|—(sinysing cos $ — cosy sin $) yl = -~
aZ Vontl = Von f 6 VZ Zpe1 — 3y
e g—;cosd)cos e
Angular velocity (on quadcopter coordinate) Euler angles (modified from angular velocity on world coordinate)
[ Dy iy~ Oy | B I —1 Q | e Pui1 — & (W + o tan@sin(,b+a)tanecosqb_
S T \&Tt 0,0 Ly, = L) = Jpp@y ¢ At x y Z
a, At * .
D, 41 — @ 1 ol = Oni1 =00 | _ @, COS ) — @, Sin ¢
y.n y.n ) =
ay = _— = —_ Ty + a)za)x(lzz - I.X.X) + JRPG)XQ . At .
At L, s v —u sin ¢ cos ¢
aZ wz,n+l - a)Z,i’l 1 ( ) — - n+1At " i y cos @ a)Z cos @ ]
At — . +tw o —1 | ]
| ] IZZ < Z XTTYyVXX yy
- - The angle should be modified by a matrix!!

(the subscript bi of a and w simplified as i)




Quadcopter Simulation

Initial conditions

Constant Parameters: Physical Quantities:
¢p = 1.105x 1075 Angular velocity (@, @, @) = (0.0, 0.0, 0.5)
—_ =7
ey =2x1.779x10 Velocity <vx’0, Vo vz’()) = (0.0, 0.0, 0.0)
d = 0.225
m Angle (o> 0 wp) = (0.0, 0.0, 0.0)
m =14 kg
Position (x, y, z) = (0.0, 0.0, —1.0)
— 2
g =98 m/s . mg T4%x938 s
K= —_— 5 = 7.142 rad/s
[.=0.0211 kg - m* der 4x1.105x%x 10

_ 2
I, = 0.0219 kg - m
I, =0.0366 kg - m?



Force and torque calculator

Quadcopter Simulation

Input data

]

\4

Force and torque of a X-configuration quadcopter

(In my code, €, are constant)

2 2 2 2
Ten+l = dCT (%Q% - %Q% - %Q% + %9421>

2 2 2 2
st ot ot L)

\4

Output data

st

Tx,n+1

Ty,n+1

Tz,n+1




Quadcopter Simulation

Implementation by programming

Force and torque calculator (| Velocity and angular velocity calculator

Difference equation of velocity (on world coordinate) and angular
velocity (on quadcopter coordinate)
Venel = — At==(cosy, sin @, cos ¢, + siny sin g, )
m
Output data at time n + 1
. n . . .
Input data at time n Vy el = Vy, — DI —(sIny, sin 6, cos ¢, — cos y, sin ¢,,) } .
_ - m vx,n+1
%
]?1 _ f,‘q y,n+1
T R Vopel = Vou T A1 — AIE cos ¢, cos 0, R Vo
Tyn At Dy n+1
Tn Dyn+1 = Wxp +— ( Wy, P, n( IZZ) - JRPwy,nQn> @y n+1
- - XX
)
zn+1
At - -
wy,n+1 = wy,n +— ( @, Wy n( _ Ixx) + ‘]RPa)x,nQn>
Y
At
Wy n+1 = Dy +— <TZ Wy y Dy, n( y)>
IZZ




Quadcopter Simulation

Implementation by programming

Velocity and angular velocity calculator P Position and angle (posture) calculator

Difference equation of position (on world coordinate) and angle
(posture) of quadcopter

X+l = Xy + Atvx,n—i—l

Input data Output data
[ Ventl | Y1 = Yo+ BV 1 L
.
vj:: . Zyp1 = Zp + ALV, : iz:
@y n+1 ¢,r1 = @, + At (a)x’nH + w, 4 tan 0,sing, + w_ ., tand, cos ¢n> G
a)y,n—H 9n+1
| Dznt1 0,.1 =0,+ At <a)y,n+1 Cos ¢, — @, 41 SIN ¢n> R

+ w
1
cos@, " cosd,

sin ¢ cos ¢
W1 =W t At <wy,n+1—n —n>




Force and torque calculator

A

Quadcopter Simulation

Implementation by programming

Position and angle (posture) calculator

Input data

]

\4

Force and torque of a X-configuration quadcopter

(In my code, €, are constant)

2 2 2 2
Ty n+l — dCT (%Q% - %Q% - %Q% + %9421>
2 2 2 2
s G s )
T, 041 = Oy (QF — Q5 + Q5 — Q)

\4

Output data

st

Tx,n+1

Ty,n+1

Tz,n+1




Appendix A

Rotation matrix example

The thrust force £}, is defined on quadcopter coordinates. In order to express on world coordinates,
the rotation matrix R; should be applied on it. Here is the example.

X, Xp
O O
e 2. b
/ l (¢’ 9’ l//) = (9009 Oa O) - -
) .
f,? !
S
Z, _ N

 cos 0 cos W cosy sin@sing — siny cos@ cosy sinf cos ¢ + siny sin gb_ 0
f, =R, = | cosOsiny sinysin@sing + cosycos¢ sinysinfdcosg —cosysing | |1

—siné sin ¢ cos 6 cos ¢ cos 0 |1
(1 0 O] [0] 0 |
=10 0 —1f 1| =1]-1
01 O0J4 L1 L1




Appendix B

Euler's equations (rigid body dynamics)

Euler’s equation of motion is a vectorial quasilinear first-order ODE which describes the rotation of a rigid body in world
coordinate. | want to compare the concept with the Lagrangian equation in fluid dynamics.

Lagrangian equation in fluid dynamics Euler’s equation of motion
DF  OF
=2 V. VF I L e
Dt ot dt /, at J,

First term: change observed at a fixed point (world

) First term: change observed in the object’s own rotation
coordinate)

coordinate

Second term: caused by the movement of fluid particles,

. - Second term: caused by the rotation of the rotation
which carry them to other positions

coordinate itself

L = I,w, where I, is the inertia tenser expressed in the
rotation coordinate, it is a constant matrix for a rigid body.
Therefore, the net external torque is

= +1I,—t+oXLo=La+wXI
T = 0) w=1La+w 0)
total ll bdt b b b

—> Ttotal = Iba + w X Iba)




Appendix C

gyroscopic torque (B2 11%E)

In the rotation equation of quadcopter, Ia, + @, X lo, = G, + 7. G is the total gyroscopic torque of all the propellers. The
gyroscopic torque of the propeller k is defined as

Ga,k = JRPQk X w

, where Jj,» is the total moment of inertia of the quadcopter and propeller around the axis, €, is the angular velocity of
propeller pointing at z direction, and w is the angular velocity of the quadcopter’s rotation axis. By expand the equation

0 Wy
Ga’k=JRPQan) =JRPQ]€ O Xw= _JRPQk _wx xb
1 0
0 0 0 —o. o] @,
,where [0| Xw=—-wX |[0|==-]®w, 0 -o/]|0]|=-]|—-0/].
1 1 -0, o, 0 1 0
In the figure, the angular velocity is ;, = (— 1)¥Q according to right-hand rule.
Finally, each component of gyroscopic torque shown as
Ga,d) I JRPa)y(Ql - QZ + Q3 - Q4) | __JRPa)yQ_
G, = | Cuo| = [Jrpr(—Q + Q= Q + Q) | = | Jpp, Q |, Where Q = —Q; + Q) —Q; +Q, Z‘b
Ga,q/ i 0 _ | 0 _




Appendix D

Relation between angular velocity and Euler angles

The angular velocity w, we calculated is defined in the quadcopter coordinate and the Euler angles (¢, 0, y) are defined in world
coordinate, the rotation matrix can modified time derivation of the Euler angles by angular velocity. Since the rotation order is X,
Y, then Z, we have

Opy 0 o] [¢
Doyl =R(=)R(=0)|0| +R(=)| 9| + |0
Wp; yr 0 _O_
1 0 0 |[cos0 0 —sing] [0] [t 0 o ]fo] [¢
= |0 cos¢ sing 0 1 0 O + |0 cos¢ sing| |g] + |0
0 —sing cos¢| |sin@ 0 cosO | |¥ 0 —sing cos¢| |0 0
10 —sing | |4 r
= |0 cos¢g singcosH ol =M |al.
0 —sing cosgcosd| |y v

By calculating the inverse matrix of M,

(1 tan@sin ¢ tan@ cos gb_
M-! = |0 cos ¢ —sin ¢
sin ¢ cos ¢
i cos cos ]

Therefore, the time derivative of the Euler angles should be modified by

[ ] (1 tand sin¢ tan@ cos (,b_ "
¢ . x
ol = 0 cos ¢ —sin ¢ o, |
. sin ¢ cos ¢ w
_l/j_ _O cosd cos @ ] )




